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Many networked datasets with units interacting in groups of two or more, encoded with hyper-
graphs, are accompanied by extra information about nodes, such as the role of an individual in a
workplace. Here we show how these node attributes can be used to improve our understanding of the
structure resulting from higher-order interactions. We consider the problem of community detection
in hypergraphs and develop a principled model that combines higher-order interactions and node
attributes to better represent the observed interactions and to detect communities more accurately
than using either of these types of information alone. The method learns automatically from the in-
put data the extent to which structure and attributes contribute to explain the data, down weighing
or discarding attributes if not informative. Our algorithmic implementation is efficient and scales
to large hypergraphs and interactions of large numbers of units. We apply our method to a variety
of systems, showing strong performance in hyperedge prediction tasks and in selecting community
divisions that correlate with attributes when these are informative, but discarding them otherwise.
Our approach illustrates the advantage of using informative node attributes when available with
higher-order data.

Over recent years, systems where units interact in
groups of two or more have been increasingly investi-
gated. Such higher-order interactions have been observed
in a wide variety of systems, including cellular networks
(1), drug recombination (2), ecological communities (3)
and functional mapping of the human brain (4).

These systems can be better described by hypergraphs,
where hyperedges encode interactions among an arbi-
trary number of units (5, 6). Often, research in this area
solely considers the topology of hypergraphs, that is, a
set of nodes and their higher-order interactions. Many
hypergraph datasets, however, include attributes that de-
scribe properties of nodes, such as the age of an individ-
ual, their job title in the context of workplace interac-
tions, or the political affiliation of a voter. In this work,
we consider how to extend the analysis of hypergraphs
to incorporate this extra information.

We focus on the relevant task of community detection,
where the goal is to cluster nodes in a hypergraph. Com-
munity detection algorithms solely based on interactions
tend to cluster nodes based on notions of affinity between
communities, cluster separation, or other arguments sim-
ilar to those classically utilized on graphs (7). However,
one can assume that relevant information about the com-
munities and the hyperedge formation mechanism is ad-
ditionally contained in the attributes accompanying a
dataset.

For instance, students in a school have been observed
to interact more likely in groups that involve individuals
in the same classes (8). A similar observation was also
made for dyadic networks, where incorporating node at-
tributes helped in community detection and other related
inference tasks, e.g. prediction of missing information (9–
13).
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Several tools have been developed for community de-
tection in higher-order data (14–17). Methods based on
statistical inference have established themselves as effec-
tive tools in this direction, as they are both mathemati-
cally principled and have a high computational efficiency
(18–20).

Here, we build on these approaches to incorporate
node attributes into a community detection framework
for higher-order interactions. More precisely, we follow
the principles behind generative models for networks,
which incorporate community structure by means of la-
tent variables that are inferred directly from the observed
interactions (21–23) and extend them to incorporate ex-
tra information on nodes.

The model we propose has several desirable features. It
is flexible, as it can be applied to both weighted and un-
weighted hypergraphs, it can incorporate different node
attributes, categorical or binary, and it outputs overlap-
ping communities, where nodes can belong to multiple
groups simultaneously. Furthermore, the model does not
assume any a priori correlation structure between the at-
tributes and the communities. Rather, it infers such a
connection directly from the data. The extent of this
contribution can vary based on the dataset. In the favor-
able case where attributes are correlated well with the
communities, our model exploits such additional infor-
mation to improve community detection. This is particu-
larly beneficial in situations where data is sparse or when
data availability is limited to an incomplete set of obser-
vations. In less favorable situations where correlation is
low (for instance when the attributes do not align with
the mechanism generating higher-order interactions), the
model can nevertheless either discard or downweigh this
information.

In some cases, a system can be explained well by dif-
ferent community divisions. Our model allows selecting
a particular community structure guided by the desired
attribute, provided that it is informative, as measured
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automatically by fitting the data. This allows a practi-
tioner to focus the analysis of group interactions on some
particular node characteristic.

Finally, our model is computationally efficient, as it
scales to large hypergraphs and large hyperedge sizes.
This feature is particularly relevant in the presence of
higher-order interaction, where the increased computa-
tional complexity limits the range of models that can be
practically implemented into viable algorithms.

Few works are available that investigate community
detection in hypergraphs in presence of node attributes
(24–26), but they are limited to clustering nodes without
providing additional probabilistic estimates. Further-
more, they can be computationally burdening, or they
typically rely on stronger assumptions about the nature
of the data (e.g. assume real-valued weights) or the com-
munities (e.g. nodes can only belong to one group).

RESULTS

The Model

We propose a probabilistic model that incorporates
both the structure of a hypergraph, i.e. the interac-
tions observed in the data, and additional attributes (or
covariates) on the nodes. These two types of informa-
tion, which we call structural and attribute information,
have been previously shown to be informative in model-
ing community structure in networks, when correlation
to be exploited is present there is correlation to be ex-
ploited (9–12).

We denote a hypergraph as H = (V,E,A), where
V = {1, . . . , N} is a set of nodes, E is a set of observed
hyperedges whose elements e ∈ E are arbitrary sets of
two or more nodes in V , and A is a vector containing the
weights of edges. In this work, we assume that weights
are positive and integer quantities. Denoting Ω as the set
of all possible hyperedges, we have that Ae is the weight
of edge e when e ∈ E, otherwise Ae = 0 if e ∈ Ω \ E.
Given these definitions, the observed edge set E can
equivalently be represented as E = {e ∈ Ω |Ae > 0}. We
represent the covariates on nodes as a matrix X ∈ RN×Z ,
where Z is the number of attributes, with entries equal
to 1 if the node i has attribute z and 0 otherwise. We
note that a node can have several types of covariates,
e.g. gender and age, which are then one-hot encoded as
attributes.

We model the presence of structural information A
and covariate information X probabilistically, assuming
a joint probability of these two types of information that
is mediated by a set of latent variables θ = {w, β, u}.
Here w, β are specific to each of the two distinct types
of information, while the quantity u is a latent variable
shared between the two. The presence of a shared u is a
key to allow coupling the two types of information and
extracting valuable insights about the system. Formally,

we assume

P (A,X | θ) = PA(A |w, u)P (X |β, u) . (1)

This factorization assumes conditional independence be-
tween A and X, given the parameters θ, and is analogous
to related approaches on graphs (9, 10). The factoriza-
tion in Eq. (1) presents various advantages. First, the
parameters in θ can provide interpretable insights about
the mechanism driving hyperedge formation, as we show
below. In our case, we focus on community structure,
hence we model u to represent the community member-
ships of nodes. Second, it allows for efficient inference of
the model parameters θ, as we show in the Methods sec-
tion. Third, it allows predicting both A and X, which is
relevant for example in the case of corrupted or missing
data.
Having introduced the main structure of the model,

we now describe the expressions of the two factors of the
joint probability distribution in Eq. (1).

Modeling structural information

We model the structural information A by assum-
ing that latent communities control the interactions ob-
served. For this, we utilize the Hy-MMSBM probabilistic
model (19), which assumes mixed memberships where
nodes can belong to multiple communities. This model
flexibly captures various community structures (e.g. as-
sortative, core periphery etc.), scales to large hyperedge
sizes and allows incorporating covariates flexibly without
compromising the efficiency of its computational com-
plexity, as we explain in the Methods section.
Assuming K overlapping communities, u is an N ×K

non-negative membership matrix, which describes the
community membership for each node i = 1, . . . , N . A
symmetric and non-negativeK×K affinity matrix w con-
trols the density of hyperedges between nodes in different
communities. The hypergraph is modeled as a product
of Poisson distributions as:

PA(A|u,w) =
∏
e∈Ω

Pois

(
Ae;

λe

ke

)
, (2)

where

λe =
∑

i<j:i,j∈e

uT
i wuj =

∑
i<j:i,j∈e

K∑
k,q=1

uikujqwkq . (3)

The term ke is a normalization constant, which can
take on any positive value. In all our experiments we set

its value to ke = |e|(|e|−1)
2

(
N−2
|e|−2

)
, with |e| being the size

of the hyperedge. Other parametrizations of the likeli-
hood PA(A|u,w) are possible, e.g. using different gener-
ative models for hypergraphs with community structure
(18, 20), but it is not guaranteed that these would yield
closed-form expressions and computationally efficient al-
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gorithms when incorporating additional attribute infor-
mation in the probabilistic model. Similarly, in Eq. (2)
we assumed conditional independence between hyper-
edges given the latent variables, a standard assumption
in these types of models. Such a condition could in prin-
ciple be relaxed following the approaches of (27–29). We
do not explore this here.

Modeling attribute information

We model the covariates X assuming that the commu-
nity memberships u regulate how these are assigned to
nodes. We then assume that a K × Z matrix β with en-
tries βkz regulates the contribution of attribute z to the
community k. This parameter plays a similar role for
the matrix X as the matrix w does for the vector A. We
combine the matrix β with the community assignment u
via a matrix product that yields the following Bernoulli
probabilities:

πiz =

K∑
k=1

uik βkz . (4)

We assume that attributes are conditionally independent
given the parameters π, which allows flexibly modeling
several discrete attributes at a time. This is implemented
by assuming that each entry Xiz is extracted from a
Bernoulli distribution with parameter πiz as:

PX(X|u, β) =
N∏
i=1

Z∏
z=1

πxiz
iz (1− πiz)

(1−xiz) . (5)

To ensure πiz ∈ [0, 1], we constraint uik ∈ [0, 1] and∑K
k=1 βkz = 1, ∀z.
We focus here on discrete and unordered attributes.

This covers many relevant scenarios, including the ones
we study in the several real datasets below, e.g. roles
of employees in a company or classes of students. Other
specific cases could be treated using similar ideas and
techniques as the one we propose by suitably modifying
the distribution in Eq. (5). We give an example of im-
posing categorical attributes, when we want to explicitly
force that having an attribute of one value does exclude
any other possible value, in Appendix C.

Inference of latent variables

Having defined the probabilistic model Eq. (1) and the
two distributions Eqs. (2) and (5), our goal is to now infer
the latent variables u,w and β, given the observed hy-
pergraph A and the attributes X. To infer these values
we consider maximum likelihood estimation and use an
efficient expectation-maximization (EM) algorithm that
exploits the sparsity of the dataset, as detailed in the
Methods section. We combine the log-likelihoods of the

two sources of information with a parameter γ that tunes
their relative contribution, with extreme values γ = 0 ig-
noring the attributes and γ = 1 ignoring the structure,
similarly to what has been done in attributed network
models (9–11), or in models for information retrieval from
text (30, 31). In our experiments, we learn the γ hyper-
parameter from data via cross-validation.

Overall, the inference routine scales favorably with
both the system size and the size of the hyper-
edges, as each EM iteration has a complexity of

O
(
K(K + Z)(N + |E|)

)
, which is linear in the num-

ber of nodes and hyperedges. We refer to our model
as HyCoSBM and make the code available online at
github.com/badalyananna/HyCoSBM.

Detecting communities in synthetic networks

Our first experiments are tests on synthetic net-
works with known ground-truth community structure
and attributes. We generate synthetic hypergraphs us-
ing Hy-MMSBM (32) as implemented in the library HGX
(33). We select parameter settings where inference with
Hy-MMSBM is not trivial, to better assess the influence
of using attributes, see details in Appendix A. After the
networks are created, we generate discrete attributes that
match the community membership a fraction ρ of the
time, while the remaining fraction 1 − ρ are randomly
generated. This allows to vary the extent to which at-
tributes correlate with communities and hence the dif-
ficulty of inferring the ground truth memberships. We
varied ρ ∈ [0.1, 0.9], with higher values implying that
inference of communities is aided by more informative
attributes.

As a performance metric, we measure the cosine simi-
larity between the membership vectors recovered by our
model and the ground truth ones. In Fig. 1 we can
see that, when the attributes are correlated with ground
truth communities, HyCoSBM performs better than us-
ing either of the two types of information alone. In ad-
dition, the performance of HyCoSBM increases monoton-
ically with increasing correlation between attributes and
ground truth. Although this is observed also when using
attributes alone, the performance of HyCoSBM in recov-
ering the ground truth communities is always higher.

This behavior is consistent across different values of K,
with larger performance gap between results at low and
high ρ at larger K, where there are more choices to select
from.

In short, these results demonstrate that the model is
successfully using both attribute and structural informa-
tion to improve community detection.

https://github.com/badalyananna/HyCoSBM
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FIG. 1. Community detection in synthetic hypegraphs. We show the cosine similarity between the communities inferred
by the various algorithms and the ground truth communities in synthetic hypergraphs, with N = 500 and E = 2720. We show
results for different numbers of communities K (from left to right). The number of attributes Z is selected to be equal to K,
and the parameter γ is set equal to the fraction ρ of unshuffled attributes. We compare HyCoSBM with Hy-MMSBM, which
servevs as a baseline that only employs structural information. We also measure the cosine similarity of the attribute matrix
X and the ground truth membership matrix u Only attributes).

Results on empirical data

We analyze hypergraphs derived from empirical data
drawn from social, political and biological domains, as
detailed in the Methods section. For each hypergraph we
describe a different experiment, to illustrate various ap-
plications of our method. We select the number of com-
munities K and the hyperparameter γ using 5-fold cross-
validation. To assess the impact of using attributes, we
compare HyCoSBM with three baselines: i) Hy-MMSBM,
that only utilizes the structural information in the hy-
peredges to detect mixed-membership communities; ii)
HyCoSBM with γ = 0, which is equivalent to not utiliz-
ing the attributes; iii) HyCoSBM with community assign-
ments u fixed to match the attributes, and only infer the
w parameters, which tests how attributes alone perform.
Notice that i) and ii) differ in that the membership vec-
tors u are unconstrained in Hy-MMSBM, while they are
restricted to uik ∈ [0, 1] in our model. In iii) utilizing
HyCoSBM and Hy-MMSBM is equivalent, since the two
models coincide in the updates for w.

Recovering interactions on contact dataset

In our first experiment we study human contact in-
teractions, using the data obtained from wearable sen-
sor devices in four settings: students in a high school
(High School) and a primary school (Primary School),
co-workers in a workplace (Workplace) and patients and
staff in a hospital (Hospital). Hyperedges represent a
group of people that were in close proximity at some
point in time. Each dataset contains attributes that de-
scribe either the classes, the departments, or the roles
the nodes belong to.

We measure the ability of our model to explain group
interactions by assessing its performance on a hyperedge
prediction task. To this end, we infer the parameters

using only a fraction of the hyperedges in the dataset.
Then we utilize the held out hyperedges to measure the
AUC metric, which represents the fraction of times the
model predicts an observed interaction as more likely
than a non-observed one (higher values mean better per-
formance).

Models that do not utilize any attribute have been pre-
viously shown to perform well on such a task on these
datasets (18–20) when a large fraction of the dataset was
given as input. Here, we vary the amount of structural in-
formation available to the algorithms more pronouncedly
to assess their robustness in realistic situations where the
full data is unavailable and investigate how making use
of attributes can compensate for this. To simulate this
setting, we delete an increasing fraction of the existing
hyperedges (keeping the hypergraph connected) and per-
form 5-fold cross-validation on the remaining dataset.

The results in Fig. 2 show a significant and mono-
tonic drop in performance for Hy-MMSBM as we decrease
the fraction of hyperedges, consequently reducing the
amount of structural information available to the algo-
rithm. In contrast, HyCoSBM maintains an almost con-
stant and high performance, all the way down to having
access only to 20% of the hyperedges, owing to its usage
of the additional attribute information. In addition, even
in the favorable setting when all hyperedges are avail-
able, HyCoSBM yields higher AUC in Workplace (with
γ = 0.995), indicating that incorporating attributes can
be beneficial even when robust results are obtained using
structural information alone. Focusing on other datasets
where HyCoSBM attains AUC similar to that of other al-
gorithms when all the interactions are utilized, we still
observe a difference in the types of communities detected.
As an example, in the High School dataset the commu-
nity assignments u inferred via Hy-MMSBM have cosine
similarity of 0.59 with the class attribute of the nodes,
as opposed to the cosine similarity of 0.94 observed for
HyCoSBM.
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FIG. 2. Predicting interactions in close-proximity
datasets with partial observations. We show the per-
formance of various methods in hyperedge prediction tasks,
measured by AUC, as we vary the fraction of hyperedges made
available to the algorithms. This plot shows that the perfor-
mance of HyCoSBM remains high when fewer hyperedges are
available in input, while that of the algorithms which do not
use any attribute drops.

These different levels of correlation between inferred
communities and attributes, together with observing sim-
ilar AUC (indicating a similar ability to explain the struc-
tural information), could be explained by the presence of
competing network divisions, as already observed in net-
work datasets (12, 34, 35). Our model allows selecting
among divisions, finding ones that correlate with the at-
tribute of interest.

We highlight that, although the communities inferred
by HyCoSBM correlate with the attributes, these two are
not equivalent. In fact, we observe several cases where
the number of detected communities is not equal to the
number of attributes. For example, we observe cases
where the model detects fewer communities than the
number of attributes available. In Fig. 3 the nodes with
attribute SFLE (green) are included within the commu-
nity formed mainly by DISQ nodes (purple) by our model
when 50% of the edges are given in input. This partition
achieves higher AUC than the model with community
assignments fixed and equal to the attributes. In other
cases, our model finds smaller communities within the
bigger partitions determined by the attributes. We find
such an example in the High School dataset in Fig. 6,

where HyCoSBM finds finer partitions (K = 11) than the
one given by the Z = 9 classes, hierarchically splitting
some classes into subgroups. The resulting partition at-
tains a high AUC score. A high number of inferred com-
munities is also observed in Hy-MMSBM, but, in this case,
the AUC drops significantly, and the K = 30 communi-
ties inferred at 30% of the edges are much more mixed be-
tween the classes. In short, the communities inferred by
our model do not simply replicate the attribute. Rather,
this additional information is used to infer a community
structure that better explains the interactions observed
in the data.

Performance with uninformative attributes

In the previous sections, we have shown how attribute
information can aid the recovery of effective communi-
ties and improve inference. In general, though, we can-
not expect that any type of attribute added to a network
dataset may help explaining the observed structure. This
may be the case for instance when an attribute is uncor-
related or weakly correlated with the hyperedges, as in
the synthetic experiments described above when ρ is close
to 0.1.

In this section we study the performance of HyCoSBM

in this adversarial regime and show that, when attributes
are uninformative, these are readily discarded by our
model to only perform inference based on structural in-
formation.

To this end, we feed the sex and has facebook at-
tributes, respectively from the Primary School and High
School datasets, into our model. As we show in Fig. 4,
the performance of HyCoSBM closely resembles that of
the models that do not use any attribute in input, signal-
ing that these attributes are not as informative as class
to explain the observed group interactions. This is rein-
forced by a very low AUC for the model that fixes u as
the attributes (red line).

We further illustrate this point in four datasets of US
representatives. Here, nodes are representatives (in the
House of Representatives or in the Senate) and hyper-
edges represent co-sponsorship of bills (Bills datasets)
or co-participation in a committee during a Congress
meeting (Committees datasets). The attribute indicates
whether the representative is associated with the Repub-
lican or Democratic party (Z = 2). In Table I we show
that there is no advantage in using this binary attribute
to explain the co-sponsorship nor the co-participation
patterns, as the AUC is similar to that of models that
do not use attribute information in input. As a confir-
mation, the value of γ obtained via cross-validation is
equal to 0 in three out of four cases, and 0.1 in one case,
showing that the algorithm tends to discard the attribute
information and prefers to rely solely on structural data.
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FIG. 3. Communities detected in a Workplace dataset from partial observations of close-proximity interactions.
We vary the fraction of hyperedges given in input to the algorithms (top: 100%, bottom: 50%) and compare the inferred
communities against the attribute departement (top left). The AUC barplot (bottom-left) shows the performance of the
models in hyperedge prediction. This plot shows that HyCoSBM is able to use the attributes effectively to keep performance
high even at a low fraction of input observations.
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FIG. 4. AUC on contacts dataset with partial hyper-
edges: uncorrelated attributes. Using sex and has face-
book as the attributes, the performance of all models drops as
the hyperedges are removed.

Improving prediction of Gene-Disease associations

Our final application is to a biological dataset contain-
ing Gene-Disease associations (36). Here, nodes repre-
sent genes, and hyperedges represent a combination of
genes specific to a disease. For each node, its Disease
Pleiotropy Index (DPI) is available as an attribute, indi-

Dataset HyCoSBM Hy-MMSBM
K γ AUC K AUC

House Bills 22 0.0 0.952± 0.003 25 0.952± 0.001
House Committees 13 0.1 0.985± 0.015 24 0.972± 0.011
Senate Bills 23 0.0 0.929± 0.006 19 0.923± 0.003
Senate Committees 23 0.0 0.972± 0.01 21 0.963± 0.023

TABLE I. AUC scores on co-sponsorship and co-
participation datasets of US representatives. We report
the results of cross-validation in terms of selected K, γ, and
obtained AUC. Here the node attribute used by HyCoSBM
is the political party of the representative (Democrat or Re-
publican, Z = 2).

cating the tendency of a gene to be associated with many
types of diseases, with Z = 25 possible discrete values.
The dataset is highly sparse, as many nodes are present
only in one hyperedge. Previous results have shown that
inferring missing associations improves sensibly when us-
ing all hyperedges in the datasets (19) (with AUC scores
up to 0.84), compared to using only hyperedges up to
size D = 25 (18). In this paragraph, we investigate
whether these results can be further improved when ad-
ditional information is available in the form of the DPI
attribute. We find that running HyCoSBM achieves an
AUC score of 0.9, indicating that this attribute is infor-
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mative. Furthermore, we observe that the communities
detected by HyCoSBM are similar to those obtained from
the attributes, see Fig. 5a), but with a finer division into
K = 30 communities, which is larger than the Z = 25
covariate categories.
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Attributes
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A) Cosine similarity 
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FIG. 5. Cosine similarity and AUC in a Gene Dis-
ease dataset. a) Cosine similarity between the three types
of communities: attribute, HyCoSBM and Hy-MMSBM. The
membership u detected by HyCoSBM correlates with the DPI
attribute and achieves higher AUC than both Hy-MMSBM
and the model trained with u fixed as the attribute.

All the results of the previous analysis are summarized
in Table II.

DISCUSSION

We have analyzed how node attributes can be used
to guide investigations of higher-order data. We focused
on the problem of community detection, introducing a
mixed-membership probabilistic generative model for hy-
pergraphs. Our model can explicitly incorporate both
hyperedges and node attributes, and find more expres-
sive community partitions by exploiting the combination
of these information sources.

We have applied our model to a variety of social, polit-
ical and biological hypergraphs, showing how prediction
of missing interactions can be boosted by the addition of
informative attributes, in particular in the regime of in-
complete or noisy data. We have also illustrated various
scenarios where attributes can be used to select between
competing divisions, or cases where they are not infor-
mative and can be discarded.

There are a number of possible extensions of this work.
One could include additional attribute types, such as
attributes on hyperedges, continuous variables or vec-
tor variables. Similarly, one could consider alternative
probabilistic expressions for the structural data, but this
would require efforts to derive closed form updates and
maintain a low computational complexity. On a related
note, our model is based on the assumption that at-
tributes and structure are independent conditionally on
the latent variables. This approach is rather general, as
the latent variables can potentially take on different se-
mantics. It would be interesting to study other types

of dependencies between structure and attributes. Fi-
nally, our model might be extended to consider dynami-
cal hypergraphs, where communities and interactions can
change in time, and assess what role attributes play in
this case.

Inference of the latent variables

The likelihood of HyCoSBM factorizes over all hyper-
edges e ∈ Ω, and single hyperedges are modeled with a
Poisson distribution:

PA(Ae|u,w) = Pois

(
Ae;

λe

ke

)
. (6)

Similarly, the probability of attributes factorizes into
Bernoulli probabilities:

PX(X|u, β) =
N∏
i=1

Z∏
z=1

πxiz
iz (1− πiz)

(1−xiz) . (7)

Under the Poisson distribution in Eq. (6), it can be shown
that the log-likelihood LA(u,w) of the full hypergraph
evaluates to

LA(u,w) = −C
∑

i<j∈V

uT
i wuj +

∑
e∈E

Ae log
∑

i<j∈e

uT
i wuj ,

(8)

where C =
∑D

d=2

(
N−2
d−2

)
1
κd

and D is the maximum hy-

peredge size observed (19). Instead, Eq. (7) yields the
log-likelihood

LX(u, β) =

N∑
i=1

Z∑
z=1

xiz log

(
K∑

k=1

uik βkz

)

+

N∑
i=1

Z∑
z=1

(1− xiz) log

(
K∑

k=1

(1− uik)βkz

)
.

(9)

As we assumed conditional independence of the net-
work part and the attributes part, the total log-likelihood
becomes the sum of those two terms. In practice though,
performance improves by introducing a balancing param-
eter γ ∈ [0, 1] that tunes the relative contribution of the
two terms (9, 11, 30, 31), yielding a total log-likelihood
as:

L(u,w, β) = (1− γ)LA(u,w) + γ LX(u, β) . (10)

The value of γ is not known a priori, and it can be
learned from the data using standard techniques for hy-
perparameter learning. In our experiments, we utilize
cross-validation. The γ parameter is necessary to better
balance the contribution of the structural and covariate
information, as the magnitude of the two different log-
likelihood terms can be on different scales, with the risk
of biasing the total likelihood maximization towards one
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Dataset Attribute N |E| Z HyCoSBM Hy-MMSBM Source

K γ AUC K AUC

Gene Disease DPI 9262 3128 25 30 0.500 0.9± 0.07 2 0.84± 0.122 (36)

High School class

327 7818

9 11 0.995 0.899± 0.011

24 0.884± 0.006

(37)

has filled questionnaire 2 21 0.800 0.892± 0.013

has facebook 2 15 0.950 0.888± 0.008

sex 2 16 0.800 0.889± 0.009

Primary School class
242 12704

11 10 0.600 0.841± 0.013
11 0.841± 0.007

sex 2 12 0.200 0.841± 0.007 (37)

Hospital status 75 1825 4 2 0.200 0.776± 0.032 2 0.758± 0.016 (37)

Workplace department 92 788 5 5 0.995 0.81± 0.02 5 0.752± 0.039 (37)

House Bills political party 1494 54933 2 22 0.000 0.952± 0.003 25 0.952± 0.001 (38, 39)

House Committees political party 1290 335 2 13 0.100 0.985± 0.015 24 0.972± 0.011 (40)

Senate Bills political party 294 21721 2 23 0.000 0.929± 0.006 19 0.923± 0.003 (38, 39)

Senate Committes political party 282 301 2 23 0.000 0.972± 0.01 21 0.963± 0.023 (40)

TABLE II. AUC scores on real datasets. We report the AUC scores resulting from 5-fold cross-validation on various real
datasets. We report the number of nodes N , number of hyperedges |E|, number of attributes Z and the values of K and γ as
obtained from cross-validation.

of the two terms. This balancing is also useful when
attribute data are somehow more (or less) reliable than
structural data, for instance when we believe that one is
less (or more) subject to noise. Furthermore, γ is remi-
niscent of any hyperparameter of approaches that adjust
inference based on prior distributions on the community
assignments, as done in some attributed network models,
e.g. (12, 13).

We note here that the value of γ has a clear interpreta-
tion only for the extreme cases of 0 or 1, which discards
entirely the contribution of one of the two terms. In all
the other intermediate cases, its value is not simply in-
terpreted as a percentage contribution of the attributes
over the network. This is because γ balances the mag-
nitudes of two likelihood terms. In general, the network
part is much larger than the attribute one, which draws
γ to values closer to 1, e.g. 0.995, to compensate for the
difference in scales. This does not necessarily mean that
the network information is barely used, but rather that
it has to be rescaled to allow the attribute information
to be effectively considered.

As a final remark, our definition of X allows modeling
several discrete attributes at the same time, and the di-
mension Z is the total number of values, including all the
attribute types. Formally, Z =

∑
p=1,...,P zp, where P is

the number of attribute types (e.g. age and class would
give P = 2), and zp is the number of discrete values an
attribute of type p can take. Alternatively, the presence
of more than one attribute can be modeled by consider-
ing separate terms LX , each with a different multiplier γ.
While this formulation would allow for tuning the con-
tribution of attributes more specifically, this comes at a
price of higher model complexity (in case of using dif-
ferent expressions for the LX) or higher computational

complexity, as one needs to cross-validate more than one
type of γ. We do not explore this here.

Variational lower bound

To maximize the total log-likelihood in Eq. (10) we
adopt a standard variational approach to lower bound
the summation terms inside the logarithm. Introducing

the probability distributions ρ
(e)
ijkl, hizk and h′

izk and us-

ing Jensen’s inequality logE[x] ≥ E[log x], we get the
following lower bounds:

∑
e∈E

Ae

∑
i<j∈e

log

K∑
k,q=1

(uikujqwkq) ≥

∑
e∈E

Ae

∑
i<j∈e

K∑
k,q=1

ρ
(e)
ijkq log

(
uikujqwkq

ρ
(e)
ijkq

)
; (11)

N∑
i=1

Z∑
z=1

xiz log

(
K∑

k=1

uikβkz

)
≥

N∑
i=1

Z∑
z=1

xiz

K∑
k=1

hizk log

(
uikβkz

hizk

)
; (12)

N∑
i=1

Z∑
z=1

(1− xiz) log

(
K∑

k=1

(1− uik)βkz

)
≥

N∑
i=1

Z∑
z=1

(1− xiz)

K∑
k=1

h′
izk log

(
(1− uik)βkz

h′
izk

)
; (13)
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with equality reached when

ρ
(e)
ijkq =

uikujqwkq

λe
; (14)

hizk =
βkzuik∑
k′ βk′zuik′

; (15)

h′
izk =

βkz(1− uik)∑
k′ βk′z(1− uik′)

; (16)

respectively.
Plugging Eq. (11) into Eq. (8) yields a lower bound LA

of the structural log-likelihood

LA(u,w, ρ) = −C
∑

i<j∈e

uT
i wuj

+
∑
e∈E

Ae

∑
i<j∈e

K∑
k,q=1

ρ
(e)
ijkq log

(
uikujqwkq

ρ
(e)
ijkq

)
. (17)

Similarly, Eqs. (12)–(13) yield a lower bound LX of the
log-likelihood of the attributes:

LX(u, β, h, h′) =

N∑
i=1

Z∑
z=1

xiz

K∑
k=1

hizk log

(
uikβkz

hizk

)

+

N∑
i=1

Z∑
z=1

(1− xiz)

K∑
k=1

h′
izk log

(
(1− uik)βkz

h′
izk

)
, (18)

so that

L := (1− γ)LA + γLX , (19)

is a lower bound of the full log-likelihood.

Expectation-Maximization

We now aim to optimize the variational lower bound
in Eq. (19) with respect to the model parameters u,w
and β. To account for the constraint on β and u, we in-
troduce the Lagrange multipliers λ(β) and λ(u) obtaining
the following objective:

Lconstr := L −
Z∑

z=1

λ(β)
z

(
K∑

k=1

βkz − 1

)
−

N∑
i

K∑
k

λ
(u)
ik uik .

(20)

We proceed as in the Expectation-Maximization algo-
rithm (41), by alternating two optimization steps until
convergence. In one step, we maximize Eq. (20) with re-
spect to the model parameters u,w, β and the Lagrange
multipliers λ(β), λ(u). In the other, we utilize the closed-
form updates in Eqs. (14)–(16) for the variational pa-
rameters. The procedure is described in detail in Algo-
rithm 1.

Differentiating objective Eq. (20) with respect to the
w, β parameters and the multipliers λ(β) yields the fol-

lowing closed-form updates:

wkq =

∑
e∈E Ae

∑
i<j∈e ρ

(e)
ijkq

C
∑

i<j∈V uikujq
, (21)

βkz =

∑
i(xizhizk + (1− xiz)h

′
izk)∑

i,k′(xizhizk′ + (1− xiz)h′
izk′)

. (22)

Equation (21) is valid when γ ̸= 1 and Eq. (22) is valid
when γ ̸= 0.

To obtain the updates for u we distinguish two cases.
In the case of γ ̸= 0, differentiating Eq. (20) with respect
to uik yields the condition:

aik u
2
ik − (aik + bik + cik)uik + bik = 0 , (23)

where

aik = (1− γ)C
∑

j∈V,j ̸=i

K∑
q=1

ujqwkq ,

bik = (1− γ)
∑

e∈E:i∈e

Ae

∑
j ̸=i∈e

K∑
q=1

ρ
(e)
ijkq + γ

Z∑
z=1

xizhizk ,

cik = γ

Z∑
z=1

(1− xiz)h
′
izk .

The updated values for uik are found by numerically solv-
ing Eq. (23). We take the smallest root of Eq. (23), as this
is guaranteed to be in (0, 1), as we show in Appendix B.
This update automatically yields a value of uik in [0, 1],
therefore the constraints on u are inactive and we do not
need to differentiate with respect to the Lagrange multi-

pliers λ
(u)
ik .

In the case γ = 0, we differentiate Eq. (20) with respect

to both uik and the Lagrangian multipliers λ
(u)
ik to obtain

the update

uik =

∑
e∈E:i∈e Ae

∑
j ̸=i∈e

∑K
q=1 ρ

(e)
ijkq

C
∑

j∈V,j ̸=i

∑K
q=1 ujqwkq + λ

(u)
ik

, (24)

which is exactly the same as those of the Hy-MMSBM

model (19), except that in our case we have λ
(u)
ik which

constrains uik ∈ [0, 1]. Thus, our model is as powerful as
Hy-MMSBM when γ = 0, but, when the attributes cor-
relate well with the communities, our model can utilize
this information to boost performance. In practice, in
the latter case, cross-validation would yield γ > 0.

The EM algorithms finds a local maximum for a given
starting point, which is not guaranteed to be the global
maximum. Therefore, the algorithm is run several times
and the best parameters are chosen based on the run that
gives the highest log-likelihood.
A pseudocode for the algorithmic implementation is given
in Algorithm 1.
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Algorithm1 HyCoSBM: EM algorithm

Inputs: hypergraph A, covariates X, hy perparame-
ters γ and K
Outputs: inferred (u,w, β)

u,w, β ← init(u,w, β) : Randomly initialize the
parameters
while convergence not reached do

ρ, h, h′ ← update(ρ, h, h′) ▷ Eqs. (14)–(16)
u← update(u) ▷ Eq. (23) or Eq. (B1)
if γ ̸= 1 then

w ← update(w) ▷ Eq. (21)
end if
if γ ̸= 0 then

β ← update(β) ▷ Eq. (22)
end if

end while

HYPEREDGE PREDICTION AND
CROSS-VALIDATION

For all experiments with real datasets we used 5-fold
cross-validation with the test AUC as performance met-
ric to select the hyperparameters K and γ. We var-
ied K ∈ {2, . . . , 30} and γ ∈ [0.0, 1.0]. The set of hy-
peredges was split into 80% and 20% for training and
testing. The AUC is calculated by comparing the Pois-
son probabilities assigned to a given existing hyperedge
against that of a randomly generated hyperedge of the
same size. Since comparing all possible pairs of observed-
unobserved edges is unfeasible, we estimate the AUC via
sampling. For every observed edge in the dataset, we
draw an edge of the same size uniformly at random, and
compute the relative Poisson probabilities. The result-
ing Poisson probabilities are saved in a vector R1 for the
observed edges and R0 for the randomly generated ones.
We then compute the AUC as

AUC =

∑
(R1 > R0) + 0.5

∑
(R1 == R0)

|R1|
,

where
∑

(R1 > R0) stands for the number of times the
Poisson probability of the positive hyperedge was higher
than the negative one,

∑
(R1 == R0) when they were

equal, and the total number |R1| of comparisons made is
equal to the number of hyperedges in the test set.

DATA AND CODE AVAILABILITY

All data used in the paper are explained in the
manuscript. An open-source algorithmic implementation
of the model is publicly available and can be found at
github.com/badalyananna/HyCoSBM.
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FIG. 7. Communities detected in Hospital dataset using 60% of hyperedges. We give in input to the algorithms 60%
of hyperedges and compare the inferred communities against the attribute status (NUR=paramedical staff; PAT=Patient;
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Appendix A: Synthetic data generation

We generated synthetic networks using the sampling algorithm of Hy-MMSBM (32), with implemen-
tation as in the HGX library described in (33). We set parameters as follows: N = 500,
|E| = 2720 and K = {2, 3, 5, 10}. We specify the number of hyperedges of each size using
the dimension sequence dim seq = {2: 300, 3: 300, 4: 200, 5: 200, 6: 150, 7: 150, 8: 150, 9: 150, 10:

120, 11: 120, 12: 120, 13: 120, 14: 100, 15: 100, 16: 100, 17: 100, 18: 80, 19: 80, 20: 80}.
The attributes were generated to match the community structure. In all experiments, we set Z = K, and produce

the attribute matrix X as follows. First, the matrix X is initialized equal to the community assignments u of the
nodes. Then, for a fraction ρ of the nodes, we replace the corresponding attribute with a random one. We perform
experiments with ρ ranging in {0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9}.
We randomly generated 10 instances of higher-order networks and 10 instances of attributes for each configuration.

The value of γ used in these experiment was equal to the proportion of non-shuffled attributes γ = 1− ρ.

Appendix B: Solving for the membership matrix updates

We have the following equation to solve in order to find uik:

aik u
2
ik − (aik + bik + cik)uik + bik = 0 , (B1)

where aik, bik, cik are all positive values.
This expression can be presented as a general quadratic equation

ax2 − bx+ c = 0 , (B2)

where a, b, c are positive numbers and b > a+ c. The resulting discriminant ∆ is given by

∆ = b2 − 4ac > (a+ c)2 − 4ac = (a− c)2 > 0 . (B3)

Hence the discriminant is positive and there exist two distinct and real solutions to the equation.

Now we show that the smallest root x0 = b−
√
∆

2a satisfies the constraints on u, that is 0 ≤ x0 ≤ 1. The fact that

x0 ≥ 0 derives directly from the fact that b ≥
√
∆.
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Then, we show that x0 < 1:

b−
√
∆

2a
< 1

⇐⇒ b−
√
∆ < 2a

⇐⇒ b2 − 4ab+ 4a2 < ∆

⇐⇒ a+ c < b .

Similarly, it can be shown that the root x1 = b+
√
∆

2a does not yield a valid update for u, as

b+
√
∆

2a
< 1 ⇐⇒ a+ c > b ,

which is never satisfied.

Appendix C: Alternative formulation for excluding attributes

In the main manuscript we have described a model that allows a node to have multiple values for one attribute type.
While in certain cases attributes could be excluding, e.g. age can take only one value, this can still be handled by
that model. Alternatively, one can modify the model by assuming a probability distribution that explicitly imposes
the choice of only one value, e.g. with a Multinomial distribution. Here we illustrate how our model can be adapted
to this case and highlight the main differences with the formulation adopted in the main manuscript.

We assume that each entry Xiz is extracted from a Multinomial distribution with parameter πiz =
∑K

k=1 uik βkz.
Then, the likelihood of the attributes matrix can be modelled as:

PX(X|U, β) =
∏
i∈V

Mult (Xi;πi) , (C1)

which gives the following log-likelihood for the attributes:

LX(U, β) =

N∑
i=1

Z∑
z=1

xiz log(πiz) =

N∑
i=1

Z∑
z=1

xiz log

(
K∑

k=1

βkzuik

)
. (C2)

Using a standard variational approach to lower bound the log-likelihood we get:

LX(U, β, h) =
∑
i,z,k

xiz [hizk log(βkzuik)− hizk log(hizk)] (C3)

with the equality reached when

hizk =
βkzuik∑
k′ βk′zuk′z

. (C4)

While Eq. (C3) looks simpler than the one we derived using the Bernoulli distribution, the main challenge is to
obtain a tractable solution for the updates of uik as we introduce constraints on the parameters. The constraint for
β is

∑
z βkz = 1, ∀k. However, now the constraint on ui involves all of the entries of this vector at the same time:∑

k uik = 1, increasing the complexity of the subsequent derivations. In addition, we still impose positivity uik ≥ 0,
∀i, k.
By introducing Lagrange multipliers λ = (λ(β), λ(u), µ(u)), where λ(u) controls the summation to one term and µ(u)

positivity, we get the following update for uik:

uik =
(1− γ)

∑
e∈E:i∈e Ae

∑
j ̸=i∈e

∑
q ρ

(e)
ijkq + γ

∑
z xizhizk

λ
(u)
i − µ

(u)
ik + (1− γ)C

∑
j∈V,j ̸=i

∑K
q=1 ujqwkq

. (C5)
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To estimate λ(u) we need to solve the following equation:

K∑
k=1

uik =

K∑
k=1

(1− γ)
∑

e∈E:i∈e Ae

∑
j ̸=i∈e

∑
q ρ

(e)
ijkq + γ

∑
z xizhizk

λ
(u)
i − µ

(u)
ik + (1− γ)C

∑
j∈V,j ̸=i

∑K
q=1 ujqwkq

= 1 . (C6)

Equation (C6) cannot be solved in closed-form but can be solved numerically, e.g. with root-finding methods.
However, this can slow down the implementation considerably and may not always converge to a solution.
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